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In this note, I will explain the vanishing theorems for toric
varieties obtained in my paper: Multiplication maps and vanishing
theorems for toric varieties. I will also explain the main idea of
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The next propositionl, which we give without proof, generalizes a well-
known theorem of Bott:
7.5.2. THEOREM. Let $\Sigma$ be a complete fan, and let $\mathcal{E}$ be an invertible
sheaf such that ord $(\mathcal{E})$ is strctly convex2 with respect to $\Sigma$ . Then the
sheaves $\Omega_{X}^{p}\otimes \mathcal{E}$ are $acyclic^{3}$ , that is, $H^{i}(X, \Omega_{X}^{p}\otimes \mathcal{E})=0$ for $i>0$ ,
$(?)$ !?
[O2]
$[O2]$ We leave the proof of it as well as Danilov $[D1$ , Theorem
7.5.2] to the reader, ..






















2.1 ( I) $X$ $k$ $B$ $X$
$L$ $X$
$H^{i}(X,\tilde{\Omega}_{X}^{a}(\log B)\otimes L^{l})=0$ $l$
$H^{i}(X,\tilde{\Omega}_{X}^{a}(\log B)\otimes L)=0$ $X$ $L$
$H^{i}(X,\tilde{\Omega}_{X}^{a}(\log B)\otimes L)=0$ $i>0$
Serre $\tilde{\Omega}_{X}^{a}(\log B)$
2.2 $W$ $X$ $W$ $X\backslash W$ $X$
2 $B$
$W$ $B$
$\Omega_{W}^{a}(\log B)$ $W$ well-defined
$\iota$ : $W\hookrightarrow X$ $\tilde{\Omega}_{X}^{a}(\log B)=\iota_{*}\Omega_{W}^{a}(\log B)$
$\tilde{\Omega}_{X}^{a}(\log B)$ $X$ well-defined $B=0$






2.3 (Bott, Danilov, ...) $X$ $k$
$L$ $X$ $H^{i}(X,\tilde{\Omega}_{X}^{a}\otimes L)=0$
$i>0$
$Musta\zeta\dot{a}$ I





2.4 (Norimatsu, $MustaJ\dot{a},$ $\ldots$ ) $X$ $k$





23 $a=\dim X$ 24 $B=0$
2.5 (Kodaira, ...) $X$ $k$ $L$ $X$
$H^{i}(X, \mathcal{O}_{X}(K_{X})\otimes L)=0$ $i>0$
II I
2.6 ( II) $X$ $k$ $D$ $X$
$\mathbb{Q}-$ $l$ $lD$
$H^{i}(X, \mathcal{O}_{X}(lD))=0$ ( $H^{i}(X, \mathcal{O}_{X}(K_{X}+lD))=$
$0)$ $H$“ $(X, \mathcal{O}_{X}(\llcorner D\lrcorner))=0$ $($ $H^{i}(X,$ $\mathcal{O}_{X}(K_{X}+\ulcorner D^{\urcorner}))=0)$
II
II
2.7 (Kawamata-Viehweg, $MustaJ\dot{a}$ , ...) $X$ $k$
$D$ $X$ $\mathbb{Q}$-
$\mathbb{Q}-$ $D$ $\kappa(X, D)=\kappa$
$H^{i}(X, \mathcal{O}_{X}(\llcorner D\lrcorner))=0$ $i>0$ $H^{i}(X,$ $\mathcal{O}_{X}(Kx+$










3.1 ( $l$ ) $N\simeq \mathbb{Z}^{n}$ $n$ $M=$
$Hom_{\mathbb{Z}}(N, \mathbb{Z})$
$\Delta$ $N_{\mathbb{R}}=N\otimes_{\mathbb{Z}}\mathbb{R}$
$X=X(\Delta)$ $N’= \frac{1}{l}N$ $l$





$X$ $X’$ $\varphi$ : $Narrow N’$
$\varphi$
$F$ : $Xarrow X’$
$X$ $l$
3.2 $X$ T $X’$ $T’$
$\mathcal{O}_{T}$ $k[M]$ $\mathcal{O}_{T’}$ $k[M’|t$ $F_{*}\mathcal{O}_{T}$
$k[M’|$ - $k[M]$ $\mathcal{O}_{T’}arrow F_{*}\mathcal{O}_{T}$ $k[M’]$ -




$k[M’]$ - $k[\Lambda/I]arrow k[M’-]$ $m_{\alpha}=lm_{\beta}$
$x^{rn_{\alpha}}\mapsto x^{7n_{\beta}}$ $x^{rn_{\alpha}}\mapsto 0$
$\mathcal{O}_{T’}arrow F_{*}\mathcal{O}_{T}$
$X$





$X$ $\mathbb{C}\cross(\mathbb{C}^{\cross})^{n-1}$ $n=\dim X$
$V=\mathbb{C}\cross(\mathbb{C}^{\cross})^{n-1}\subset X$ $F$ $F$ : $V=$
$\mathbb{C}\cross(\mathbb{C}^{\cross})^{n-1}arrow V’=\mathbb{C}\cross(\mathbb{C}^{\cross})^{n-1}:(x_{1}, x_{2}, \cdots, x_{n})\mapsto(x_{1}^{l}, x_{2}^{l}, \cdots, x_{n}^{l})$
$l$ $V$
$G=(\mathbb{Z}/l\mathbb{Z})^{?l}$ $l$
$\mathcal{O}_{V’}arrow F_{*}\mathcal{O}_{V}$ $(F_{*}\mathcal{O}_{V})^{G}\simeq \mathcal{O}_{V’}$




$F^{*}L’\simeq L^{l}$ $L’$ $X^{l}\simeq X$ $L$
’
$H^{i}(X, L)\simeq H^{i}(X’, L’)\simeq H^{i}(X’, \mathcal{O}_{X}/\otimes L’)$








3.7 $\tilde{\zeta f}_{X’}^{a}(\log B’)arrow F_{*}\tilde{\zeta f}_{X}^{a}(\log B)$ $a\geq 0$
$a=0$
$M\otimes_{\mathbb{Z}}k[A/I]arrow H^{0}(T, \Omega_{T}^{1})$ : $m \otimes x^{\tilde{m}}\mapsto\frac{dx^{n\iota}}{x^{m}}\cdot x^{\tilde{m}}$ $M\otimes_{\mathbb{Z}}k[M]$
$H^{0}(T, \Omega_{T}^{1})$ [F2]
II







$\dim H^{q}(\mathbb{P}^{n}, \Omega_{\mathbb{P}^{n}}^{p}(k))=\{\begin{array}{ll}(^{k+n-p}k)(^{k-1}p) for q=0,0\leq p\leq n, k>p1 for k=0,0\leq p=q\leq n(^{-k+p}-k)(_{?l-p}^{-k-1}) for q=n, 0\leq p\leq n, k<p-n0 otherwise\end{array}$
$\Omega_{\mathbb{P}^{n}}^{p}(k)=\Omega_{\mathbb{P}^{n}}^{p}\otimes 0_{pn}\mathcal{O}_{\mathbb{P}^{\dot{n}^{\backslash }}}(k)$
4.2







0 $arrow\Omega$ $(k)arrow \mathcal{O}_{\mathbb{P}^{n}}(k-p)^{\oplus()}n+1parrow\Omega_{\mathbb{P}^{n}}^{p-1}(k)arrow 0$
$(\begin{array}{ll}n +1 p\end{array})(\begin{array}{l}k- p+nk- p\end{array})-(\begin{array}{ll}k+n- p +1k \end{array})(\begin{array}{ll}k - 1p - 1\end{array})=(\begin{array}{l}k+n- pk\end{array})(k - 1p)$
$q=0$ Serre $H^{n}(\mathbb{P}^{n}, \Omega_{\mathbb{P}^{n}}^{p}(k))$
$H^{0}(\mathbb{P}^{n}, \Omega_{\mathbb{P}^{n}}^{n-p}(-k))$ $q=0$ $n$
$q\neq 0,$ $n$ Serre























$\mathbb{P}^{n}$ $F$ $\mathbb{C}^{n+1}\backslash \{0\}$
$\mathbb{C}^{x}$
Cox
$X$ $S$ $X$ $\mathcal{F}$

































6.3 ( ) 2006 12 $Mustat\dot{a}$
6.4 ( ) 2007 3 Lin [L]
?
?












7.2 ( ) Manivel
73 $X$
diin $X=n$ $E$ $X$ $e$















8.1 ( ) $f$ : $Zarrow X$ $F^{X}$ : $Xarrow X’$ $X$ $l$




$\mathcal{F}$ $Z$ $\alpha$ : $\mathcal{F}’arrow F_{*}^{Z}\mathcal{F}$
$j$
$R^{j}f_{*}’\alpha:R^{j}f_{*}’\mathcal{F}’arrow F_{*}^{X}R^{j}f_{*}\mathcal{F}$
8.2 (Koll\’ar, ...) $f$ : $Zarrow X$ $A$ $B$
$Z$ $A$ $B$
$\pi$ : $Xarrow S$ $L$ $X$ $\pi$ -
$R^{i}\pi_{*}(L\otimes R^{j}f_{*}\overline{\Omega}_{Z}^{a}(\log(A+B))(-A))=0$
$i>0$ $j\geq 0$ $a\geq 0$
8.3 82 $\tilde{\Omega}_{Z}^{a}(\log(A+B))(-A)$ $X$
$U$ $\Omega_{U}^{a}(\log(A+B))\otimes \mathcal{O}_{U}(-A)$
22
8.4 82 $Z$ $S$ $A=B=0$
$a=\dim Z$ 8.2 $H^{i}(X, R^{j}f_{*}\mathcal{O}_{Z}(K_{Z})\otimes L)=0$
$i>0$ $i\geq 0$ Koll\’ar
Koll\’ar Kodaira ( 2.5 )
14
39
8.5 $(..., Mustat\dot{a}, \ldots)X$ $Y$
$X$ $\mathcal{I}_{Y}$ $Y$ $X$
$L$ $X$ $H^{i}(X,\mathcal{I}_{Y}\otimes L)=0$
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